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Abstract
We compute the quantum information metrics of a thermal CFT on R1,1 perturbed by
the scalar primary operators of conformal dimension ∆ = 3, 4, 5, 6. In particular, we assume
that the Hamiltonian of the mixed state commutes with each other and the temperature is
fixed. Under these conditions, the evaluation is analogous to the pure state case. We also
apply the method of [arXiv:1607.06519] to calculate the mixed state information metric for
the scalar primary operator with conformal dimension ∆ = 4 holographically. We find an
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1 Introduction
Quantum information [1] has recently driven intense activity in understanding the AdS/CFT cor-
respondence [2–4]. This relation between quantum information and AdS/CFT can be traced back
to the remarkable proposal for a holographic expression of entanglement entropy in the boundary
theory [5], also known as the Ryu-Takayanagi formula. An important application of this formula
is that the evolution of time-dependent entanglement entropy in the CFT can be described by the
holographic setups, Hartman and Maldacena [6] found that the linear growth of the entanglement
entropy is the same as the linear growth of the nice slices along the spacelike t-direction in the black
hole interior. Another considerable progress in connecting quantum information to gravitational
dynamics has been made by Susskind, who point out that the length of an Einstein-Rosen bridge
corresponds to the computational complexity of a state in the CFT [7].
More recently, quantum information metric and its gravity dual was studied in [8], which reveals
that a quantum information metric in the CFT is closely related to the volume of a maximal time
slice in the AdS bulk. This correspondence and holographic complexity [9] have a certain feature in
common, specifically it is shown that a quantum information quantity in the boundary field theory
can be dual to the volume of a maximal co-dimension one hypersurface in the AdS background.
Therefore this new correspondence should be useful for the programme of bulk reconstruction [10],
for example [11].
The quantum information metric [12,13], or fidelity susceptibility, measures the distance between
two quantum states. It is clear that this quantity is vanishing if and only if the two states are
identical. More precisely, let us consider a generic one-parameter family of states, σ is an arbitrary
density matrix for this family of states, which has a tunable parameter λ. Now we perturb σ by
the parameter λ, the fluctuation λ→ λ+ δλ for infinitesimal δλ will lead to a new density matrix
ρ. Then quantum information metric Gλλ is defined as
F (σ, ρ) = 1−Gλλδλ2 +O(δλ3) (1)
where F (σ, ρ) is the fidelity of the states σ and ρ, defined as
F (σ, ρ) = tr
√√
σρ
√
σ (2)
For the pure states, the fidelity(2) reduce to the inner product |〈σ|ρ〉|. Moreover, the overlap |〈σ|ρ〉|
in a Euclidean CFT on Rd can be described by the path integral when the CFT is deformed by a
scalar primary operator O whose coupling jump across the interface τ = 0, where τ is the Euclidean
1
time coordinate [8]. And if the perturbation O is a marginal operator, the bulk geometry dual to
this interface field theory is termed Janus solution [14], which is obtained from the AdS Einstein-
scalar theory. Evaluating the on-shell action of this theory, we can find a precise correspondence
between the both sides [15]. However this method is not feasible for the deformations induced
by non-marginal primary operators, because the bulk geometries dual to these perturbations are
not simple as the Janus solution. The difficulty was circumvented by Trivella [16] based on an
ingenious perturbative approach in the AdS bulk. Inspired by this work, quantum information
metrics in other cases have been studied [17, 18].
In this paper we investigate the mixed quantum information metric in two dimensional thermal
CFT and its gravity dual for various non-marginal primary operators. To simplify our calculation,
we only consider the deformation that the density matrices σ and ρ are commutative, meanwhile
the temperature of the thermal CFT is fixed. Under these conditions, the fidelity (2) also reduce
to a path integral [15]. Thus we can compute the mixed quantum information metric in this case,
we will focus on the deformed CFT by the scalar primary operators with conformal dimension
∆ = 3, 4, 5, 6. Actually this is almost the problem in section 5 of [16], where the author obtained
the quantum information metric with the marginal deformation for a thermofield-double state in
d = 2. We will see that the mixed quantum information metric with the marginal deformation in
our case can also be given by the formula (60) in [16]. However the mixed quantum information
metrics with the deformations induced by the scalar primary operators of conformal dimension
∆ = 3, 5 have some elusive results. To our satisfaction, the mixed quantum information metrics
with the deformations induced by the scalar primary operators of conformal dimension ∆ = 4, 6
have some regular results. Due to the complete agreement between the quantum information metric
with the marginal deformation for a thermofield-double state in d = 2 and its gravity dual [16], we
think that there is still a precise correspondence for the mixed quantum information metric with
the non-marginal deformation. With this motivation, we compute the mixed information metric
for the scalar primary operator with conformal dimension ∆ = 4 holographically by adopting the
method of [16], and find that the result in gravity is the same as the one from the CFT.
The paper is organized as follows. In the next section we briefly review the quantum information
metric, especially on the mixed information metric. In section 3, we calculate the mixed information
metrics for the scalar primary operators with conformal dimension ∆ = 3, 4, 5, 6 in the CFT. In
section 4, we try to get the mixed information metric for the scalar primary operator with conformal
dimension ∆ = 4 in gravity following the method of [16]. Finally, in section 5 we discuss the possible
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generalization of our consideration.
2 Mixed-state information metric
In this section, we briefly review some results concerning the mixed-state information metric. The
quantum fidelity between two mixed states (ρ1, ρ2) defined by
F (ρ1, ρ2) = tr
√
ρ
1
2
1 ρ2ρ
1
2
1 (3)
where ρi is the density matrix of a thermal state given as
ρ =
1
Z
∑
n
e−βEn |Ψn〉〈Ψn| = 1
Z
e−βH (4)
In the present discussion, we consider that the thermal states ρ1, ρ2 belong to a family of the
quantum states labeled by the parameter λ, in particular
Hi = H(λi), λ2 = λ1 + δλ, β2 = β1 = β (5)
where we have restricted that the thermal states ρ1, ρ2 are in the same temperature 1/β.
Furthermore, we assume that the Hamiltonians H1, H2 are commutative, then
F (ρ1, ρ2) = (Z1Z2)
−1/2 tr exp [−β (H1 +H2) /2] (6)
Before obtaining the path integral representation of the fidelity (6) in a thermal CFT, we first recall
the quantum information metric for the ground state of a CFT on Rd.
Let us start by considering the CFT with a Euclidean Lagrangian L1 on Rd, whose Euclidean
time and space coordinates are denoted by τ and x. Next we deform the theory by a primary
operator O of conformal dimension ∆ at τ = 0. The new Lagrangian is
L2 = L1 + δλO (7)
where δλ is a coupling constant. The overlap between the ground state of the undeformed theory
|Ψ1〉 and the ground state of the deformed theory |Ψ2〉 is
〈Ψ2|Ψ1〉 = 1
(Z1Z2)1/2
∫
Dφ exp[−
∫
dd−1x(
∫ 0
−∞
dτL1 +
∫
∞
0
dτL2)] (8)
3
Due to the sudden change in the action at τ = 0, this path integral is UV divergent, we need
regularization and renormalization. We consider the regularization as follows
|Ψǫ2〉 =
e−ǫH1|Ψ2〉
(〈Ψ2|e−2ǫH1|Ψ2〉) 12
(9)
The regularized overlap can be written as
〈Ψǫ2|Ψ1〉 =
〈exp(− ∫∞
ǫ
dτ
∫
dd−1x δλO)〉
〈exp(−(∫ −ǫ
−∞
+
∫
∞
ǫ
)dτ
∫
dd−1x δλO)〉1/2 (10)
Expanding the regularized overlap (10) in small δλ, we can find that
Gλλ =
1
2
∫
dd−1x1
∫
dd−1x2
∫
−ǫ
−∞
dτ1
∫
∞
ǫ
dτ2〈O(τ1, x1)O(τ2, x2)〉 (11)
For the thermal CFT on R1,d−1, it can be formulated on S1β × Rd−1 by using the Imaginary-Time
Formalism, where β is the inverse temperature of the system. Similar to the setup in the Euclidean
CFT on Rd, we deform the original theory with the Lagrangian L1 at τ = 0 by the term δλO, and
the original theory associated to the density matrix ρ1 is defined on the interval I1 = [−β2 , 0], the
deformed theory associated to the density matrix ρ2 is defined on the interval I2 = [0, β2 ].
Thus, the fidelity (6) can be rewritten by the path integral as
F (ρ1, ρ2) =
1
(Z1Z2)1/2
∫
Dφ exp[−
∫
dd−1x(
∫ 0
−
β
2
dτL1 +
∫ β
2
0
dτL2)] (12)
Because of the periodicity of the thermal circle S1β, we need introducing the cut-off at both ends of
the interval I2, i.e. I2(ǫ) = [ǫ, β2 − ǫ]. Then the regularized density matrix of the deformed theory
is described as
ρ
1
2
2 (ǫ) =
e−ǫH1e−(
β
2
−2ǫ)H2e−ǫH1√
Z2(ǫ)
(13)
where Z2(ǫ) = tr(e
−ǫH1e−(
β
2
−2ǫ)H2e−ǫH1)2 [15].
Along the approach to driving the quantum information metric for the pure state (11), the
mixed-state information metric is given by
Gλλ =
1
2
∫ β
2
−ǫ
ǫ
dτ2
∫
−ǫ
−
β
2
+ǫ
dτ1
∫
dxd−12
∫
dxd−11 〈Oˆ(τ2, x2)Oˆ(τ1, x1)〉 (14)
with Oˆ(τ, x) ≡ O(τ, x)−〈O(τ, x)〉. For a closer look at the mixed-state information metric (14), we
will focus on the two-dimensional CFT. If the primary operator O is not in the Virasoro vacuum
module {1, T, ∂T, : T T :, · · · }, we have [19]
〈O〉S1
β
×R = 0 (15)
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In the following discussion, we will be interesting in those operators, therefore we get
Gλλ =
1
2
∫ β
2
−ǫ
ǫ
dτ2
∫
−ǫ
−
β
2
+ǫ
dτ1
∫
dxd−12
∫
dxd−11 〈O(τ2, x2)O(τ1, x1)〉 (16)
In order to compare the CFT2 results with the gravitational one in AdS3, we choose the two-point
function as
〈O(τ1, x1)O(τ2, x2)〉 = C
(π
β
)2∆
[sinh2(π(x1−x2)
β
) + sin2(π(τ1−τ2)
β
)]∆
(17)
where C = 4ηl(∆−1)
π
, with η = 1
16πG
denoting the d + 1 dimensional Newton’s constant G, and l is
the AdS radius, please see the eq.(3.2) in [17].
3 Mixed-state information metric in CFT2
In this section we will perform the calculation of the mixed-state information metrics for the scalar
primary operators O with conformal dimension ∆ = 3, 4, 5, 6 according to Eq. (16). The mixed-
state information metric for the scalar primary operator O with conformal dimension ∆ = 2 has
been derived by Trivella, who also find it through AdS/CFT [16].
• ∆ = 3
Gλλ =
VR
2
C(π
β
)3
∫ π
2
+π
β
τ˜−ǫ′
−
π
β
τ˜+ǫ′
dτ ′1
∫ π−π
β
τ˜−ǫ′
π
2
+π
β
τ˜+ǫ′
dτ ′2
∫ +∞
−∞
dx′1
1
(sinh2(x′1 − x′2) + sin2(τ ′1 − τ ′2))3
=
VR
2
C(π
β
)3
{
(−4)
∫ π
2
−
2π
β
τ˜
2ǫ′
du (2u− 4ǫ′)[3(2u− π)
sin5(2u)
− 2(2u− π)
sin3(2u)
− 3 cos(2u)
sin4(2u)
]
− 2(π − 4π
β
τ˜ − 4ǫ′)
∫ π
2
+ 2π
β
τ˜
π
2
−
2π
β
τ˜
du [
3(2u− π)
sin5(2u)
− 2(2u− π)
sin3(2u)
− 3cos(2u)
sin4(2u)
]
}
(18)
where ǫ′ = π
β
ǫ. Finally, we find
Gλλ =
VR
2
C
{ π
128ǫ3
+ (
π
β
)2
π
8ǫ
+
1
48
(
π
β
)3 tan(a)
(
− 24a− 28 cot(a) + 6iπ2a cot(a)− 24a cot2(a)
+ 6 cot(a) csc2(a)− 6a cot2(a) csc2(a)− 6 csc(a) sec(a)− 6a sec2(a) + 42 cot(a) ζ(3)
+ 48i cot(a)(aχ2(e
−2ia)− iχ3(e−2ia))
)}
(19)
where a = 2π
β
τ˜ , ζ(x) is the Riemann ζ-function, and χs is the Legendre χ-function, which is defined
as
χs(z) =
1
2
[Lis(z)− Lis(−z)] (20)
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Here Lis(z) is the polylogarithm function defined by [20]
Lis(z) =
∞∑
k=1
zk
ks
(21)
• ∆ = 5
Gλλ =
VR
2
C(π
β
)7
∫ π
2
+π
β
τ˜−ǫ′
−
π
β
τ˜+ǫ′
dτ ′1
∫ π−π
β
τ˜−ǫ′
π
2
+π
β
τ˜+ǫ′
dτ ′2
∫ +∞
−∞
dx′1
1
(sinh2(x′1 − x′2) + sin2(τ ′1 − τ ′2))5
=
VR
2
C
{ 5π
65536ǫ7
+ (
π
β
)2
5π
6144ǫ5
+ (
π
β
)4
59π
9216ǫ3
+ (
π
β
)6
5π
64ǫ
+ (
π
β
)7
1
688128
(
387072(iaχ2(e
−2ia) + χ3(e
−2ia)) + 768(63iπ2a+ 441ζ(3)− 358)
+
7
4
csc7(a) sec7(a)(−6102a+ 2215 sin(4a)− 188 sin(8a) + 27 sin(12a)
+ 3a(−473 cos(4a)− 62 cos(8a) + 9 cos(12a)))
)}
(22)
• ∆ = 4
Gλλ =
VR
2
C(π
β
)5
∫ π
2
+π
β
τ˜−ǫ′
−
π
β
τ˜+ǫ′
dτ ′1
∫ π−π
β
τ˜−ǫ′
π
2
+π
β
τ˜+ǫ′
dτ ′2
∫ +∞
−∞
dx′1
1
(sinh2(x′1 − x′2) + sin2(τ ′1 − τ ′2))4
=
VR
2
C
{ π
1536ǫ5
+ (
π
β
)2
π
144ǫ3
+ (
π
β
)4
π
9ǫ
+ (
π
β
)5
1
1080
csc5(2a)
(
− 910 sin(2a)
+ 95 sin(6a)− 19 sin(10a) + 60a(28 cos(2a)− 5 cos(6a) + cos(10a))
)}
(23)
• ∆ = 6
Gλλ =
VR
2
C(π
β
)9
∫ π
2
+π
β
τ˜−ǫ′
−
π
β
τ˜+ǫ′
dτ ′1
∫ π−π
β
τ˜−ǫ′
π
2
+π
β
τ˜+ǫ′
dτ ′2
∫ +∞
−∞
dx′1
1
(sinh2(x′1 − x′2) + sin2(τ ′1 − τ ′2))6
=
VR
2
C
{ 7π
655360ǫ9
+ (
π
β
)2
π
8192ǫ7
+ (
π
β
)4
11π
12800ǫ5
+ (
π
β
)6
π
180ǫ3
+ (
π
β
)8
16π
225ǫ
+ (
π
β
)9
1
378000
csc9(2a)
(
− 593334 sin(2a)− 146244 sin(6a)
+ 840a(2376 cos(2a) + 116 cos(6a) + 36 cos(10a)− 9 cos(14a) + cos(18a))
− 209(36 sin(10a)− 9 sin(14a) + sin(18a))
)}
(24)
The form of the mixed-state information metric for the scalar primary operator of conformal
dimension ∆ = 4 is simpler than other ones. In the next section, we attempt to find the mixed-state
information metric for the scalar primary operator of conformal dimension ∆ = 4 in AdS3 gravity
and compare it with the formula (23).
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4 Mixed-state information metric in AdS3
In this section we compute the mixed-state information metric for the scalar primary operator of
conformal dimension ∆ = 4 holographically. Because of the irrelevant deformation, we will consider
a massive field probing a fixed bulk geometry. The gravity dual to a thermal state in CFT2 is the
BTZ black string,
ds2 = −(r
2 − r2+
l2
)dt2 + (
l2
r2 − r2+
)dr2 + r2dφ2 (25)
where l is the AdS radius and r+ is the horizon radius. The range of the coordinates are −∞ <
t, φ <∞, r+ < r <∞, the Hawking temperature is 1β = r+2πl2 , demanding the Euclidean BTZ black
string is smooth at the horizon we make the identification τ ∼ τ + β. For simplicity, we will set
l = r+ = 1, the metric (25) can be transformed to
ds2 =
dZ2
(1− Z2)Z2 +
1− Z2
Z2
dτ 2 +
dφ2
Z2
(26)
The metric (26) has appeared in [16], this means that our holographic computation can be based
on the method used in [16].
It is clear that the fidelity can be interpreted as a combination of partition functions
F (ρ1, ρ2) =
Z2√
Z0Z1
(27)
where Z0 is the partition function of a pure CFT, Z1 is the partition function of the deformed CFT
and Z2 is the partition function of the pure CFT deformed only on the interval [π + τ˜ , 2π − τ˜ ]. In
the semi-classical gravity limit, we have Zk = exp(−Ik) where Ik is the on-shell action of the bulk
geometry dual to the corresponding field theory configuration.
To obtain the information metric Gλλ in (1), we need performing a perturbative expansion in
infinitesimal δλ. The detailed analysis has been done in [16], which finds
− logZk = IAdS + δIk +O(δλ4) (28)
where IAdS is the on shell action of pure Einstein theory with the cosmological constant Λ < 0 and
δIk is the on shell action of the scalar fields probing a fixed AdS background. Specifically,
δIk = η
∫
∂Mǫ
√
γ0nµg
µνΦk∂νΦk (29)
where Mǫ is the regularized AdS, nµ is the unit normal vector at the cut-off surface ∂Mǫ and γ0 is
the determinant of the induced metric on ∂Mǫ.
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We can write the fidelity as
F = exp(−δI2 + 1
2
δI1) (30)
Next, we need to find the scalar field Φk obeying the equation of motion, it can be obtained using
the bulk to boundary propagator. Firstly we note that the scalar field dual to an primary operator
O in CFT2 satisfies the following boundary condition
lim
Z→0
Z∆−2Φk(Z, τ, φ) ≡ Φ˜k(τ, φ) = δλ sk(τ) (31)
where
s0(τ) = 0
s1(τ) = 1
s2(τ) =


0 − τ˜ ≤ τ ≤ π + τ˜
1 π + τ˜ ≤ τ ≤ 2π − τ˜
(32)
Secondly, the metric (26) can be written as pure AdS under the following coordinate transformation
x =
√
1− Z2 cos τeφ
y =
√
1− Z2 sin τeφ
z = Zeφ (33)
The pure AdS in Poincare´ coordinates is
ds2 =
dx2 + dy2 + dz2
z2
(34)
Then the scalar field Φk is constructed by the following integral
Φk(z, x, y) = δλ c∆
∫
dx′dy′
[ z
z2 + (x− x′)2 + (y − y′)2
]∆
sk(x
′, y′) (x′2 + y′2)
∆−2
2 (35)
with the normalization constant c∆ =
∆−1
π
, where we used the fact that the source function s(x)
is generally not invariant under the conformal transformation. So, the scalar field Φ1 dual to the
primary operator O with conformal dimension ∆ = 4 is
Φ1(z, x, y) = δλ
2(x2 + y2) + z2
2z2
(36)
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The scalar field Φ2 is
Φ2(z, x, y) = δλ c4
∫ 0
−∞
dy′
∫
−y′/t˜
y′/t˜
dx′
z4
(z2 + (x− x′)2 + (y − y′)2)4 (x
′2 + y′2)
= δλ c4
∫ +∞
0
dy′
∫ y′/t˜
−y′/t˜
dx′
z4
(z2 + (x− x′)2 + (y + y′)2)4 (x
′2 + y′2) (37)
The region of the integral (37) can be understood by the Fig.6 in [16], and t˜ = tan τ . With some
efforts, we find that the final form of the scalar field Φ2 is
Φ2(z, x, y) =
δλ
π
[h(x, y, z) + h(−x, y, z) + 2(x
2 + y2) + z2
2z2
(
π
2
− τ˜)] (38)
where
h(x, y, z) =
1
16
( 3(t˜x+ y)3(x− t˜y)(
(y + t˜x)2 + (1 + t˜2)z2
)2 + 7(y + t˜x)(−x+ t˜y)(y + t˜x)2 + (1 + t˜2)z2
)
+ (y + t˜x)
(
8(x2 + y2)(y + t˜x)4 + 4(y + t˜x)2
(
2xyt˜+ y2(6 + 5t˜2) + x2(5 + 6t˜2)
)
z2
+ 5(1 + t˜2)
(
4xyt˜+ y2(5 + 3t˜2) + x2(3 + 5t˜2)
)
z4 + 9(1 + t˜2)2z6
)
(− π + 2 arctan t˜y−x√
(y+t˜x)2+(1+t˜2)z2
)
32z2
(
(y + t˜x)2 + (1 + t˜2)z2
)5/2 (39)
To compute the on-shell action (29) we need putting a cut off at z = ǫ as a regularization for AdS
space, we then have
δIk = − 1
2κ2
∫
dxdy
1
ǫ
Φk∂zΦk (40)
According to the coordinate transformation (33), the above integral become to
δIk = − 1
2κ2
∫
dφdτe2φ lim
ǫ→0
1
ǫ
Φk∂zΦk|z=ǫ (41)
For the action δI1, we note that
1
ǫ
Φ1∂zΦ1 = −(δλ)2
[2e4φ
ǫ6
− 3e
2φ
ǫ4
+
1
ǫ2
]
(42)
So the integrand in δI1 is divergent under the limit ǫ → 0. By using the counterterms, we simply
subtract the power divergences in (42) [16]. With this argument, the contribution of the bulk
configuration Φ1 to the information metric is absent in our case.
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Next, we calculate the on-shell action δI2, the first piece is
F(τ) = lim
ǫ→0
1
ǫ
Φ2∂zΦ2 = −(δλ)
2
π2
e−2φ
49152
csc6(τ − τ˜ ) csc6(τ + τ˜ )
(arctan(cot(τ − τ˜))− arctan(cot(τ + τ˜ ))− 2τ˜ + 2π)(
− 6 cos(8τ)(19 sin(4τ˜) + 6π cos(4τ˜ ))
− 4 cos(6τ)(−171 sin(2τ˜) + 5 sin(6τ˜ ) + 42π cos(6τ˜ ))
+ 12 cos(4τ)(10 sin(4τ˜) + 12 sin(8τ˜) + 84π cos(4τ˜)− 3π cos(8τ˜)− 45π)
+ 12 cos(2τ)(6π cos(2τ˜)(6 cos(4τ) + 6 cos(4τ˜)− 31)− 215 sin(2τ˜)− 72 sin(6τ˜)− sin(10τ˜))
− 768 sin6(τ − τ˜ )(3 cos(2(τ + τ˜)) + 7) arctan(cot(τ + τ˜ ))
+ 768 sin6(τ + τ˜)(3 cos(2τ − 2τ˜) + 7) arctan(cot(τ − τ˜ ))
+ 1935 sin(4τ˜) + 36 sin(8τ˜) + sin(12τ˜)− 540π cos(4τ˜) + 1680π
)
(43)
Because the τ integral ranges over τ ∈ [−π + τ˜ ,−τ˜ ] and the integrand (43) is even, we restrict to
τ ∈ [−π/2,−τ˜ ]. Due to the divergence arising from the interface at τ = −τ˜ and τ = −π + τ˜ , we
shift the variable τ ′ = τ − ǫ. We find that
δI2 =− (δλ)
2VR
π2κ2
∫
−τ˜−ǫ
−π/2−ǫ
dτF(τ)
=
(δλ)2VR
π2κ2
[ π2
16ǫ5
+
π2
24ǫ3
+
π2
24ǫ
+
π
11520
csc5(2τ˜ )
(
− 910 sin(2τ˜ )− 19 sin(10τ˜) + 95 sin(6τ˜)
+ 60τ˜(28 cos(2τ˜)− 5 cos(6τ˜) + cos(10τ˜))
)]
(44)
Putting the ingredients (1), (30), (42) and (44) together, we read off the mixed-state information
metric for the primary operator with conformal dimension ∆ = 4 as
Gλλ =
VR
16κ2ǫ5
+
VR
24κ2ǫ3
+
VR
24κ2ǫ
+
VR
πκ2
1
11520
csc5(2τ˜)
(
− 910 sin(2τ˜)− 19 sin(10τ˜) + 95 sin(6τ˜ )
+ 60τ˜(28 cos(2τ˜)− 5 cos(6τ˜) + cos(10τ˜))
)
(45)
We can see that there is a precise matching between the CFT2 result (23) and the result (45) in
the holographic set-up.
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5 Conclusion and Discussion
In this note we compute the mixed-state information metric for a thermal CFT on R1,1 deformed by
the scalar primary operators of conformal dimension ∆ = 3, 4, 5, 6. To make the problem tractable,
we consider the Hamiltonians of the two mixed states are commutative and the temperatures of
both states are the same. With these assumptions, we find that the problem is actually similar to
the evaluation of the pure-state information metric in CFT. Interestingly we find that the mixed-
state information metrics for the primary operators with conformal dimension ∆ = 3, 5 contain
the polylogarithm functions Li2(z) and Li3(z). While the mixed-state information metrics for the
primary operators with conformal dimension ∆ = 4, 6 are just composed of elementary functions.
Making use of the method developed in [16], we also compute the mixed-state information metric
for the primary operator with conformal dimension ∆ = 4 in the bulk AdS3. We find that there is
an exact duality between the results in CFT2 and AdS3.
Despite our example supporting the AdS3/CFT2 correspondence is established in the particular
temperature β = 2π, it is straightforward to verify the AdS3/CFT2 correspondence for an arbitrary
temperature. Moreover, it would be interesting to check the AdS3/CFT2 correspondence by the
mixed-state information metric for the primary operators with conformal dimension ∆ = 3, 5. From
the study of [17], we think that the mixed-state information metric for a thermal CFT on R × S
can be reproduced by the holographic theory in BTZ black hole [21]. Furthermore, the method
of [16] should allow us to compute the quantum information metric for a 2d CFT deformed by the
fermionic primary operators holographically.
Another possible extension is to investigate the mixed-state information metric for a thermal
CFT on R1,d, however the main difficulty is that the two point function of the thermal CFT on
R
1,d is not available [19]. So we need more feasible ideas to solve this problem. Besides the higher
dimensional generalization, it is also natural to study the quantum information metric in 1d CFT,
for example conformal quantum mechanics [22], of which the two-point function has been found
in [23]. More importantly, it would be nice to understand the exotic AdS2/CFT1 correspondence [24]
by quantum information metric.
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